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^ 1. Introduction 



< 



1.1. Solving a long standing problem, Wiegerinck [Wi88, Theorem, p. 770], see also Wiegerinck and Zeinstra 
[WiZe91, Theorem 1, p. 246], showed that a separately subharmonic function need not be subharmonic. On the 
other hand, it is an open problem, whether a function which is subharmonic in one variable and harmonic in the 
, other, is subharmonic. For older results on this area, see e.g. Arsove [Ar66, Theorem 2, p. 622], Imomkulov 

Q^ ' [Im90, Theorem, p. 9], Wiegerinck and Zeinstra [WiZe91, p. 248], Cegrell and Sadullaev [CeSa93, Theorem 3.1, 

p. 82] and Kolodziej and Thorbiornson [KoTh96, Theorem 1, p. 463]. The result of Kolodziej and Thorbiomson 
includes the results of Arsove, of Cegrell and Sadullaev and of Imomkulov, and reads as follows; 
CN . Theorem A Let D.be a domain in R'"+", m,n>2. Let u: D.^Wbe such that 

(a) for each y CzM." the function 

Q.{y) u{x,y) e M 



> 



X 



is subharmonic and C^, 
(b) for each x G M™ the function 



, is harmonic. 



£2(x) 9 y i-> u{x,y) E \ 



Then u is subharmonic and continuous in H. 

We improved the result of Kolodziej and Thorbiomson in a series of papers: [Ri07i, Theorem 3, Theorem 4 
and Corollary, pp. 162-164], [Ri072, Theorem 6, p. 234], [Ri073, Theorem 1 and Corollary, pp. 438, 444], 
[Ri074, Theorem 5.1, Corollai-y 5.1 and Corollary 5.2, pp. 67-68, 74] and [Ri09, Theorem 4.3.1, Corollary 4.3.3 
and Corollary 4.3.4, pp. e2625-e2626]. We will now return to the subject and improve our result still further, 
see Theorem 2 below. 

1.2. However, we begin with improving the above cited results of Arsove and of Cegrell and Sadullaev and 
our previous generalizations [Ri074, Theorem 4.1, p. 64] and [Ri09, Theorem 4.2.1, p. e2623]. Instead of 
subharmonic functions (resp. so called quasinearly subharmonic functions n.s.), we will now use quasinearly 
subharmonic functions. Observe that in certain situations such an approach is indeed useful. One such an 
example is the following. Armitage and Gardiner [ArGa93, Theorem 1, p. 256] gave a condition which ensures 
a separately subharmonic function to be subharmonic, and this condition was close to being sharp, see [ArGa93, 
pp. 255-256]. With the aid of quasinearly subharmonic functions it was, nevertheless, possible to generalize 
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and improve their result, see [Ri08, Theorem 4.1 and Corollary 4.5, pp. 8-9, 13] and [Ri09, Theorem 3.3.1 and 
Corollary 3.3.3, pp. e2621-e2622]. 



1.3. Our presentation below, including the presented references, is rather detailed. For the notation, and for the 
definitions and properties of subharmonic functions, nearly subharmonic functions, quasinearly subharmonic 
functions (and quasinearly subharmonic functions n.s., too) etc., see e.g. [Br69], [He71], [TaSS], [RiTa93], 
[Ri074], [RiOS], [PaRiOS], [Ri09], [PaRi09], [Ril 1], and the references therein. 

2. Arsove's result and its improvement 

2. 1 . Arsove's result is: 

Theorem B ([Ar66, Theorem 2, p. 622]) Let £lbea domain in m,n>2. Letu: Q.^Rbe such that 

(a) for each y & W the function 

Q.{y) 9 JCH> M(x,y) e R 

is subharmonic, 

(b) for each x G W" the function 

€l{x) ^y^u{x,y) eM 

is harmonic, 

(c) there is a nonnegative function (p G £j\^^(p.) such that — (p < m. 

Then u is subharmonic in £1. 

Arsove's proof was based on mean value operators. Much later Cegrell and SaduUaev [CeSa93, Theorem 3.1, 
p. 82] gave a new proof using Poisson modification. 



2.2. Below in Theorem 1 we generalize the above result of Arsove and of Cegrell and SaduUaev, and also our 
previous generalizations [Ri074, Theorem 4.1 and Corollary 4.1, pp. 64-65], see also [Ri09, Theorem 4.2.1 and 
Corollary 4.2.2, p. e2623]. The proof we give below is short and direct. 
Theorem 1 Let Clbe a domain in M'"+", m,n>2, and K>1. Let u: Cl^Rbe such that 

(a) for each y gW the function 

Q.{y) 9xH->. M(x,y) G R 

is K-quasinearly subharmonic, 

(b) for each x G W" the function 

Q.{x) 9 y u{x,y) G K 

is harmonic, 

(c) there is a nonnegative function cp G L\^{£i) such that — cp < m. 

Then u is K-quasinearly subharmonic in £l. 

Proof. It is easy to see that u is Lebesgue measurable. Therefore also uu := max{M,— M} -|-M, M > 0, is 
Lebesgue measurable. We must show that m"*" G (H) and that each um satisfies the generalized mean value 
inequality. 

To see that m+ G (il), we proceed as follows. Observe first that < m+ < mm < I'm := m + (p +M. To see 
that vm G requires only Fubini's Theorem. As a matter of fact, take B'"{a,R) x B"{b,R) C Q. arbitrarily. 
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Then 

0< tT.,nt nnlu i^W / VM{x,y)dm,n+n{x,y) = 

mm+„(B'"{a,R)xB"ib,R)) J 
K 



'-m,n+n{B'"{a,R)xB"{b,R)) 



< 



mm+„{B"'ia,R)xB''{b,R)) 

B'"(a,R)xB"{h,R) 



J [uix,y) + (p{x,y) +M]dmm+n{x,y) ■ 



K 

<- 



i [u{x,y) + (!f{x,y)+M]dmn{y)}dmm{x) = 



B'"(afi) B"(b,R) 

K r \ (' \ (' 

-v~^ J 'xT^ J + J ^{x,y)dmn{y)+M]dmm{x) = 

B'"{a,R) B"(h,R) B"(h,R) 

K r 1 r 

-v~^ J ["(-^'^^ + 7^ J ^ix,y)dm„{y)+M]dm„{x) = 

B^iaM) B''(b,R) 

K f K f 1 f 

-V~R^ J + J J ^{x,y)dm„{y)]dmm{x)+KM = 

B^ia.R) B"'(a.R) B"(h.R) 

< / u(x,b)dmm(x) -i } — -, ^ r, — / *?ix,y)dmm+nix,y) + KM 

-VmR"" J ' ' ""^ > m„,+„{B'"{a,R)xB"{b,R)) J 

B"'{a,R) B?"(a,R)xB"{b,R) 

< + oo. 



UM{a,b) < — — / UM{x,y)dmn+n{x,y)- 



It remains to show that for all (a , fe) e i2 and /? > such that B>"+" {{a,b),R) C D., 

K 

B"'+"((a,b),R) 

To see this, we proceed in the following standard, direct and short way, see e.g. [He71, Proposition 2 c) and 
proof of Theorem a), pp. 10-11, 32-33] and [Ri074, p. 59]: 

K f 

Vm+nR'"+" J UM{x,y)dmm+n{x,y) = 

B"'+"({a,b),R) 

_ Vm — r r/|j2_ I . |2w f UM(x,y)dmm(x)]dmn(y) 

V^+„R'"+" J v«(/?2- |j;-Z,|2)f J '-"^ 

B"(b,R) B"'(a,y/R2-\y-b\^) 



J {R'^- \y-b\^)^UM{a,y)dmn{y)>UM{a,b). 



Vm+„R"'+" 

B''(bfi) 

Above we have used, in addition to the fact that, for every y € K"*, the functions u{-,y) are A'-quasi-nearly sub- 
harmonic, also the following lemma. (Observe that the proof of the Lemma, see [He71, proof of Theorem 2 a), 
p. 15], works also in our slightly more general situation: Recall that in the definition of nearly subharmonic 
functions, we use instead of the standard condition v e Z\^{U), the shghtly weaker condition m+ e L\^^{U), see 
[Ri074, p. 51].) 

Lemma. ([He71, Theorem 2 a), p. 15]) Let v be nearly subharmonic (in the generalized sense, defined above) 
in a domain U ofR^, N>2,y]fe \|f > 0, \|/(jc) = when | .x |> a and depends only on\x\. Then 

\|/*v > V and \|f ★v is subharmonic in Ua, provided f \]i{x)dmi\f{x) = 1, where Ua = {x gU : B^{x,a) CU}. 

□ 



3. An improvement to the result of Kolodziej and Thorbiornson 

3.1. In our generalization to the cited result of Kolodziej and Thorbiornson, Theorem A above, we will use the 
generalized Laplacian, defined with the aid of the Blaschke-Privalov operators, see e.g. [Sa41, p. 451], [Ru50, 
pp. 278-279], [Sh56, p. 91], [Br69, p. 20], [Sh71, p. 374], [Sh78, p. 29] and [RiTa93, p. 1130]. Let D be a 
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domain mR'^,N >2,andf : D ^R, f £ Ll^{D). We write 

A./(x):=Ummf^^^^.[-l^ / f{x')dmN{x')-f{x)], 

A*/(x):=Umsup^^^^-[-l^ / f{x')dmN{x')-f{x)]. 

If Ah./(x) = A*/W, then write A/(x) := A,/(x) = A*/W. 
If/G e2(£)), then 

N -^2f 

a/W = (Itt)W. 

the standard Laplacian with respect to the variable x ~ {xi,X2, ■ ■ ■ ,xn). More generally, if x G D and / € ?2(-^)> 
i.e. / has an total differential of order 2 at x, then A/(x) equals with the pointwise Laplacian of / at x, i.e. 

Af{x) = l^Djjf{x). 

j=i 

Here Djjf represents a generalization to the usual j =l,2,...,N. See e.g. [CaZy61, p. 172], [Sh56, p. 498], 

[Sh7 1 , p. 369] and [Sh78, p. 29] . 

Recall that there exist functions which are not but for which the generalized Laplacian is nevertheless 

continuous, perhaps in the extended sense (in ([0, +°o],q), where q is the spherical metric), see e.g. [Sh78, p. 31] 
and [Ri074, Example 5 and Example 6, pp. 66-67] and [Ri09, Example 1 and Example 2, pp. e2624-e2625]. 

If /is subharmonic onD, it follows from [Sa41, p. 451] (see also [Ru50, Lemma 2.2, p. 280]) that A/ (x) = 
A*/(x) = A*/(x) e R for almost every x e D. 

Below we use the following notation. Let Q.isa domain in M'"+", m,n>2, and u: £2 — ^ R. If e M" is such 
that the function 

Q.{y) 9 X I-)- /(x) := u{x,y) e M 
is in Ll^^{Q.{y)), then we write Ai,M(x,y) := A*/(x), AjM(x,y) := A*/(x), and Aiu{x,y) := A/(x). 

3.2. Then to our generalization to our previous result [Ri074, Theorem 5.1, pp. 67-68] (or [Ri09, Theo- 
rem 4.3.1, p. e2625] (where no proofs are given!)) and thus also to the result of Kolodziej and Thorbiomson 
[KoTh96, Theorem 1, p. 463], Theorem A above. Though our proof will follow the main Unes of [Ri074, proof 
of Theorem 5.1, pp. 67-72], it is different enough, nevertheless, to warrant that it be given in complete detail 
here: Now our assumption (d) is essentially milder than our previous assumptions (d) and (e). 
Theorem 2 Let Q. be a domain in ]R'"+", m,n > 2. Let u : D. be such that for each {xf ,y') S Q. there is 
{xo,yo) €Clandri >0, r2 > Q such that {x' ,y') eB'"(xo,ri) xB''{yo,r2) CB'"(xo,n) xB"(jo,'"2) cClandsuch 
that the following conditions are satisfied: 

(a) For each y G B"{yo,r2) the function 

B™(xo,n) 3 X u{x,y) e R 

is continuous, and subharmonic in B'"{xo,ri ). 

(b) For each xGB'" (xq, ri ) the function 

B''{yo,r2)^y^u{x,y)GR 

is continuous, and harmonic in B'^{yo,r2). 

(c) For each y G B" (>'o, ''2) one has Auu{x,y) < +00 for each x G B'"(xo, n ), possibly with the exception of 
a polar set in B"' (xq , ?"i ). 

(d) There are a set H c B"{yo,r2), dense in B"{yo,r2), and a set K c B'"{xo,ri), dense in B'"{xo,ri), such 

that 

(dl) for each y € H, for almost every x e B'"(xo, ri ) and for each x € K, 

AiM(x',y) — >■ AiM(x,y) S R 

as x" ^ X, xf e K, and 



(d2) for each y e ^"(jo, ''2) \H and for almost every x G B'"{xo,r{), 

AiM(x,y) — ^ ^iu{x,y) e M 

as y' -^y,y'^ H. 
Then u is subharmonic in Q.. 

Proof Choose r'j, such that < r'j < n, < < ri, and such that (x',/) e fi"'(jco,r'i) x ^"(jo,^). It is 
sufficient to show that u \ B"'(x^),r[) x ^"(vo.rj) is subharmonic. For the sake of convenience of notation, we 
change the roles of rj and r'j, j = 1,2. We divide the proof into several steps. 
Step 1 Construction of an auxiliar dense set G. 
For each A: e N write 



Afc := {x e B'"(xo, ri) : —k< u{x,y) < k for each y e B"{yo, ri) }. 
Clearly A^t is closed, and 



Write 



G:= (JintA;t. 
It follows from Baire's theorem that G is dense in B'"{xo,ri). 

SteplThe functions Airu{x, •) : B''{y(j,r2) M. (see the definition below), x G G,0<r<rx := dist{x,B'"{xo,ri)\ 
G), are nonnegative and harmonic. 

For each (x, y) e (xq , ri ) x B" (yo, ?"2 ) and each r, < r < dist(x, dB"' (xq , r'j ) ) (observe that dist(x, 35™ (xq , r'l ) ) > 
r'j — ri > 0), write 

Ai^M(x,y) := ^^"^^^^ . [—^ f u{x' ,y)dmm{,x') - u{x,y)] 

B"'{x,r) 

2(ot + 2) 1 



— j [u{x + x',y)-u{x,y)]dmn{x). 



B"'(0,r) 

Since u{-,y) is subharmonic, Airu{x,y) is defined and normegative. Suppose then that x G G and < r < rx. 
Since B'"{x,r) c G and A^; c A<;+i for all A: = 1 , 2, . . . , B'"{x,r) c int Aat for some N eN. Therefore 

-N<u{:>^,y)<N for all ^ eB'"{x,r) and y e B"(yo,'-2), 

and hence 

(1) -2Af< m(x + x',>')-m(x,>') <2Ar forall x'eB'"(0,r) and yGB"{yo,r2). 

To show that AirM(x, •) is continuous, pick an arbitrary sequence yj yo, yj,yo G B"(yo,r2), ./' = 1,2, Using 

then (1), Lebesgue Dominated Convergence Theorem and the continuity of m(x, •), one sees easily that AirM(x, •) 
is continuous. 

To show that AirM(x, •) satisfies the mean value equality, take yo G B"(yo,r2) and p > arbitrarily such that 
■S"(.Vo,p) C B"{yQ,r2). Because of (1) we can use Fubini's Theorem. Thus 
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Airu{x,y)dm„{y) = —— / {-^ -— / [u{x + x' ,y) - u{x,y)]dmm{x')}dm„{y) 

V„p J r Vm^ J 

/ ^^77;^ / Hx + x',y)-u{x,y)]dmn{y)}dm,„{x') 

^mr J V„p J 

B'"(0,r) B"(J0:P) 

[M(x + x',yo) -m(^Jo)] dmm{x') 



v„p" J v„p 



2(m + 2) 1 



S'"(0,r) 



: AirM(x,yo)- 



Step 3 The functions Ai m (x, • ) : 5" (j'o , ?'2 ) — ^ R, x € G fl A, are defined, nonnegative and harmonic. Here 

A:=^f\A{y,), 

k=l 

where H = {yi^, k = 1,2, ...} (we may clearly suppose that H is countable), and, for arbitrary y G B"{yQ,r2), 

A{y) :={xeB'"(xo,n) : Aih.m(x,>') =A|m(x,>') =Aim(x,>') gM}. 

By [Ru50, Lemma 2.2, p. 280] (see also [Sa41, p. 451] and [Sh71, p. 376]), mm{B'"{xo,ri)\A{y)) = for 
eachyeB''{yo,r2). 

Take x E GOA and a sequence r j ^ 0, < rj < rx, j = 1,2,. . ., arbitrarily. By [He7 1 , CoroUary 3 a), p. 6] 
(or [AGOl, Lemma 1.5.6, p. 16]) we see that the family 

Airju{x,-): B"{yo,r2)^R.j = l,2,..., 

of nonnegative and harmonic functions is either uniformly equicontinuous and locally uniformly bounded, or 
else 

sup Air;M(x,-) = +00. 

J=1A... 

On the other hand, since x e G fl A, we know that for each ykGH,k=l,2,..., 

AirjU{x,yk) Aiu{x,yk) G R 

as j +00. Therefore, by [Va71, Theorem 20.3, p. 68] and by [He71, c), p. 2] (or [ArGaOl, Theorem 1.5.8, 
p. 17]), the Umit 

Aim(x,-)= lim Air M(x,-) 

exists and defines a harmonic function in B"{yo,r2). Since the limit is clearly independent of the considered 
sequence rj, the claim follows. 

Step 4 The function Aim(-,-) | (GPlATiAnB) xB"(yo,''2) has a continuous extension K\u{-,-) : (AnZ?) x 
B"{yo,r2) M. Moreover, the functions Aim(x,-) : B''{yo,r2) — >^ R, x GAdB, are nonnegative and harmonic. 
Here 

+00 

B:= f)B{y,), 

where, for arbitrary y € B"{yQ,r2), we use the notation 

B{y) := {x € fi'"(xo,n) : Aim(x',>') Aim(x,3') as x' — > x, x' S K}. 
Using the assumption (dl), one sees easily that GflATiAnfiis dense in An 5. 

To show the existence of the desired continuous extension, it is clearly sufficient to show that for each 
(xo Jo) e (A nS) X B"{yo, ri), the Umit 

lim Aiu{x,y) 

{x,y} ^ {xo ,yo), {^,y} 6 (Gn/fmnB) x b" {yo ,n) 

exists. (This is of course standard, see e.g. [Di60, (3.15.5), p. 54].) To see this, it is sufficient to show that, for 
an arbitrary sequence {^j,yj) (-^Ojjo). (■^;>3';) S (GflATiAnB) x B'^{y^,r2), j = 1,2, the limit 

lim AiM(x/,y;) 

exists. 

That this limit indeed exists, is seen as above, just using the facts: 

— the functions A\u{xj,-), j = 1,2, . . ., are nonnegative and harmonic in B"{yQ,r2), by Step 3; 

— for each);^; e //, A: = 1,2,. . ., AiM(x^-,)'i:) — )• AiM(xo,)'jt) € R as 7— )-+oo. 

(See again [He71, Corollary 3 a), p. 6] (or [AGOl, Lemma 1.5.6, p. 16]) and [Va71, Theorem 20.3, p. 68]). That 
the functions Aim(x,-) : B"{yo,r2) — ^M, x€ Aflfi, are harmonic, see [He71, c), p. 2] (or [ArGaOl, Theorem 1.5.8, 
p. 17])). 

Step 5 For each x G B"'{xo, ri) the functions 

B"{yo,r2) ^y>-^ v{x,y) := J GBm^xo,ri){x,z}Aiu{z,y)dmm{z) G R 
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and 

are harmonic. Above and below Ggm(^^^,._^^{x,z) is the Green function of the ball B'"{xo,ri), with x as a pole. 

Using Fubini's Theorem one sees easily that for each x G B"'{xo,r\) the function v(x, •) satisfies the mean 
value equality. To see that v(x,-) is harmonic, it is sufficient to show that v(x, •) G Ll^^{B"{yo,r2)). Using just 
Fatou's Lemma, one sees that v(x, •) is lower semicontinuous, hence superharmonic. Therefore either v{x, •) = 
+00 or else v(x,-) S Ll^^{B"{yo,r2)). The following argument shows that the former alternative cannot occur. 
Indeed, for each x E ADB and for each yj^ € H, k = 1,2,..., we see, using the definition of the (continuous) 
function Aim (•, ) and (dl), that 

(2) Aiu(x,yk)= lim Aiu(x' ,yk) = Um Aiu(x' ,yk) = Aiu(x,yk) €R. 

x'^x,x'eGnKnAnB x'^x,x'eGnKnAnB 

Hence v{x,yk) = v{x,yk) E M for each x E B'"{xo,ri) and yk E H, k = 1,2, (See (3) in Step 6 below for the 

definitionof v(-,-) :B'"(xo,ri) xB"(yo,''2) ^K.) Therefore, for each xeS'"(xo,f"i ), the function •) and thus 
also the function h{x, •) = u{x, •) + v{x, •) are harmonic. 
Step 6 For each y G B''{yo, ^2) the function 

B'"{xo,ri) Bxi-^h{x,y) eR 

is harmonic. 

With the aid of the version of Riesz's Decomposition Theorem, given in [Ru50, 1.3. Theorem II, p. 279, and 
p. 278, too] (see also [Sh56, Theorem 1, p. 499]), for each y E B"{yo,r2) one can write 

u{x,y)=h{x,y)-v{x,y), 

where 

(3) v{x,y) := J GBm(^^^,^){x,z)Aiu{z,y)dm,„{z) 

and h{-,y) is the least harmonic majorant of u{-,y) \ B'^{xo,ri). Here v(-,>') is continuous and superharmonic in 

B'"(xo,n). 

As shown above in (2), v{-,yk) = v{-,yk) for each ykEH, k= 1,2, Therefore h{-,yk) = h{-,yk), and thus 

h{-,yk) is harmonic for each yk G H, k= 1,2, 

To see that h{-,y) is harmonic also forj E B"{yo,r2) \H, take yo E B"(>'o,r2) \H arbitrarily, and proceed in 
the following way. Take zEAnBCiA (yo) H C{yo) arbitrarily, where, for arbitrary y E B" {yo ,r2)\H, 

C{y):={zEB'"{xo,ri) : Auu{z,y') ^ Auu{z,y) as y' ^ y, y' EH}. 

Since z € A{yo), we have Auu{z,yo) = Mu{z,yo) & R- Thus we may also suppose that Al^,u{z,y') = Aiu{z,y') € 
M. Using then our assumption (d2) and the continuity of Aim(-, •), we see that 

AiM(z,yo) = AiM(z,yo) 

for every z E AriBr\A{yo) nC(yo)- Therefore, v{x,yo) = v{x,yo) and thus h{x,yo) = h{x,yo) for each x E 
B'"{xo,ri). 

Step 7 The use of the results ofLelong and of Avanissian. 

By Steps 5 and 6 we know that = is separately harmonic in fi'"(xo,n) x ^"(jO)''!)- By Lelong's 
result [Le61, p. 561] (see also [Av67, Theoreme 1, pp. 4-5]) h{-,-) is harmonic and thus locally bounded above 
in B"'{xQ,ri ) x B"{yo,r2). Therefore also m(-, •) is locally bounded above in B'"{xo,ri ) x B"(jo, ''2)- But then it 
follows from [Av61, Theoreme 9, p. 140] (see also [Le45, Theoreme 1 bis, p. 315], [Ar66, Theorem 1, p. 622], 
[Le69, Proposition 3, p. 24], [Ri89,Theorem 1, p. 69], [ArGa93, Theorem 1, p. 256] and [RiOS, Corollary 4.5, 
p. 13]) that m(-, •) is subharmonic on Z?"'(xo,ri) x Z?"(3'o,'"2)- D 
Remark 1 Observe that the assumption (d2) was needed only to see that 

Aim(x,>') = Aiu{x,y) for almost every x E B™(xo,ri) and for each y E B"{yo,r2) \ H. 

(At this point one might recall that the functions Aim(x, •) : B"{yQ,r2) ^ K, x G -S'"(xo,ri), are harmonic.) 
From the above proof one sees easily that the assumption (d), that is (dl) and (d2), can be replaced by: 
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(d*) For every y e B'^iy^^rq), for almost every x e B"^{xQ,r\) and for each x K, 

Aim(x',>') — >■ Aim(x,>') e M 

as x' — > X, x' G K. 

Though our Theorem 2 might still be considered somewhat technical, it has, nevertheless, the following 
concise corollaries, both of which already improve the result of Kolodziej and J. Thorbiomson. 
Corollary 1 ([Ri074, Corollary 5.1, p. 74] and [Ri09, Corollary 4.3.3, p. e2626]) Ut Clbea domain in 

m,n > 2. Let u : i2 — > M such that 

(a) for each y the function 

Q.{y) 9 X H^- u{x,y) e R 

is continuous and subharmonic, 

(b) for each x S M™ the function 

Q.{x) ^y^ u{x,y) e K 

is harmonic, 

(c) for each y£W the function 

9xK^ Aim(x,>') e [0,+°o] 

is defined, continuous ( with respect to the spherical metric), and finite for all x, except at most of a polar 
setE{y) in 0,{y). 
Then u is subharmonic in Q,. 

Corollary 2 ([RiOTs, Corollary, p. 444]) Let Q.be a domain in m,n >2. Letu: Q.^Rbe such that 

(a) for each y €W the function 

Cl{y) 9 X H^- u{x,y) e R 

is continuous and subharmonic, 

(b) for each x € W" the function 

Q.{x) 9yH>M(x,y) eM 

is harmonic, 

(c) for each yGW the function 

Q.{y) 9xn> AiM(x,y) e M 

is defined and continuous. 
Then u is subharmonic in Q.. 
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